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Abstract
Using superspace unitary operator formalism, we derive various (anti-)BRST
symmetry transformations explicitly for the non-Abelian 2-form gauge theories.
We introduce a new Lagrangian with a coupling of matter fields not only with
1-from background field but also with a 2-form field. Moreover, the two gauge
fields couple mutually as well. A new covariant derivative involving the 2-form
gauge field is introduced. We also put forth a conjecture to generalise this idea to
any p-form gauge theory.
1 Introduction
The p-form objects are at the core of the higher form gauge theories. The gauge concept
relies on 1-form in case of point particles. Just as 1-form (4-vector potential) couples
to charged point particle, p-forms couple to higher-dimensional objects, such as strings,
membranes, etc. A generalisation of the 1-form gauge theories to p-form gauge theories
has been a long discussed problem in theoretical physics [1, 2, 3, 4, 5, 6, 7, 8]. Since
a 2-form couples to surface, it is natural to think of it as a gauge field for (open or
closed) strings. Although this is a consistent picture for Abelian 2-form, it is problem-
atic for its non-Abelian counterpart owing to the difficulties in defining surface-ordered
exponentials, which appear when a 2-form is coupled to the world surface of a string
[1]. Nevertheless, non-Abelian 2-forms have appeared in the context of nonlinear sigma
model [3, 4], in the loop space formulations of Yang-Mills theory [5, 6] and gravity as a
gauge theory [7, 8].
Within the framework of BRST formalism,1 one approach to p-form gauge theories
is the superfield formalism [9, 10, 11, 12, 13]. A superfield is a function on superspace,
which is a Minkowski spacetime augmented with additional Grassmann coordinates θ
and θ¯. In the superfield formalism, (anti-)BRST transformations for the (non-)Abelian
1BRST is the abbreviation of the names of its founders, viz. Becchi, Rouet, Stora and Tyutin.
1
1-form gauge and corresponding ghost and anti-ghost fields can be derived exploiting the
so-called horizontality condition (HC). This condition is basically equating the super-
curvature 2-form defined on (D + 2)-dimensional superspace to the ordinary curvature
2-form defined on the D-dimensional Minkowski spacetime. To include interacting sys-
tems where the gauge field couples to matter fields, this formalism has been consistently
generalised to obtain the (anti-)BRST transformations for the matter fields as well,
which is called the augmented superfield formalism [14, 15, 16, 17], where, in addition to
the horizontality condition, some gauge-invariant restrictions (GIRs) are also exploited.
The mapping of ordinary fields on the Minkowski spacetime to the superfields on the
superspace can also be carried out via a superspace unitary operator [9, 10, 11, 18, 19],
or superunitary operator for short. The superunitary operator upgrades the fields and
gauge connections to their superspace-counterparts in the same fashion as the unitary
gauge operator maps the fields and gauge connections to their gauge-transformed coun-
terparts. This superunitary operator is determined from the horizontality condition and
gauge-invariant restrictions.
Our goal in this paper is to deduce the (anti-)BRST transformation for the Kalb-
Raymond B-field 2-form, following the superunitary operator approach. For that we
consider the interacting theory where the matter fields interact with the 1-form as well
as the 2-form gauge field. The two gauge fields, too, interact with each-other through
the well known B∧F interaction term. Our focus would be to find out the (anti-)BRST
symmetry transformations for the various fields and to obtain the corresponding covari-
ant derivatives for both the gauge fields, i.e. for 1-form and 2-form gauge connections.
We start with a brief review, in Sec. 2, of 1-form gauge theories, (anti-)BRST trans-
formations and the idea of superfields and superunitary operator. Exploiting the hor-
izontality condition and the gauge-invariant restrictions, the superunitary operator is
obtained which upgrades the fields to their superspace-counterparts. The expansion of
the superfields in terms of the ordinary fields yields the (anti-)BRST transformations of
that field. We have incorporated the matter fields also and both the Abelian and non-
Abelian cases are discussed. In Sec. 3, we extend the superunitary operator formalism to
2-form non-Abelian gauge theories and obtain the (anti-)BRST transformations for the
same. We also propose a conjecture to deal with the transformation of the p-form gauge
field associated with the local scalar gauge symmetry of the theory. Our concluding
remarks are left for Sec. 4.
2 BRST transformations and superunitary operator
formalism for 1-form gauge theories
In this section we present a brief review of the superspace unitary operator formalism,
which also helps to set up notations. We start with the usual 1-form electrodynamics
and obtain the (anti-)BRST transformations for matter fields, gauge connection and the
corresponding ghost and anti-ghost fields. The non-Abelian case is also discussed.
2
2.1 Abelian 1-form gauge theories
The world line for a point particle is a 1-dimensional object in the background sapcetime.
If τ is the parameter of the world line then the tangent to the particle trajectory is given
as uµ = dxµ(τ)/dτ . The action for a charged particle, of charge q and mass m, in the
presence of interacting background is given by
S = −m
∫
dτ + q
∮
A− 1
2
∫
d4x
√−g (F ∧ ∗F)
= −m
∫
dτ + q
∮
Aµ uµ dτ − 1
4
∫
d4x
√−gFµν Fµν ,
(1)
where A = Aµ(x) dxµ is the 1-form gauge field interacting with the charged particle
and F = dA = (1/2)Fµν dxµ ∧ dxν is the corresponding 2-form curvature field: Fµν =
∂µAν − ∂νAµ. If we go through the properties of the gauge field, which is a connection
1-form appearing due to an interaction of the charged particle with the background
spacetime, we find that this is nothing but the well-studied electromagnetic field. The
Lagrangian density for this background field,
L0 = − 1
4
Fµν Fµν , (2)
remains invariant under the gauge transformation
Aµ → A′µ = Aµ + ∂µχ, (3)
where χ(x) is some arbitrary scalar field. This Lagrangian density for the electromag-
netic field is not easy to quantise because of the spurious degrees of freedom present in
it. One of the best remedies to quantise is to use the BRST formalism.2
The (anti-)BRST symmetry invariant off-shell Lagrangian density can be written as
L1 = − 1
4
FµνFµν + 1
2
B2 +B(∂µAµ)− i∂µC¯ ∂µC, (4)
where B(x) is the Nakanishi-Lautrup auxiliary scalar field, introduced to linearise the
Feynman gauge fixing term: − (1/2)(∂µAµ)2. This also helps to obtain an off-shell nilpo-
tency for the Fadeev-Popov (anti-)ghost fields (C¯)C which appear in 1-loop Feynman
diagram for the electromagnetic theory. These (anti-)ghost fields are virtual scalar fields
but they satisfy the Grassmann-odd properties:
C2 = 0, C¯2 = 0, C¯C + CC¯ = 0. (5)
The Lagrangian density (4) is invariant under the following (anti-)BRST transforma-
tions:
sbAµ = ∂µC, sbC = 0, sbC¯ = iB, sbB = 0,
sabAµ = ∂µC¯, sabC¯ = 0, sabC = −iB, sabB = 0.
(6)
2We shall not go into the details of quantisation as it is not our concern here.
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These transformations are anti-commuting, sbsab + sabsb = 0, and off-shell nilpotent,
s2b = s
2
ab = 0.
Next, we consider the 1-form Abelian electrodynamics:
L2 = −1
4
FµνFµν + ψ¯(iγµDµ −m)ψ, (7)
where Dµ is the covariant derivative: Dµψ = ∂µψ + iAµψ. This Lagrangian density is
invariant under the U(1) gauge symmetry transformations (q = 1)
ψ(x)→ ψ′(x) = U(x)ψ(x), ψ¯(x)→ ψ¯′(x) = ψ¯(x)U †(x),
Aµ(x)→ A′µ(x) = U(x)Aµ(x)U †(x) + i(∂µU)U †,
(8)
where U(x) = exp(−iχ(x)). Obviously, the operator U is unitary: UU † = 1 = U †U .
The infinitesimal version of these transformations is
ψ(x)→ ψ′(x) = ψ(x)− iχψ, ψ¯(x)→ ψ¯′(x) = ψ¯(x) + iψ¯χ,
Aµ → A′µ = Aµ + ∂µχ.
(9)
The (anti-)BRST invariant version of the Lagrangian density (7) is
L3 = − 1
4
FµνFµν + ψ¯(iγµDµ −m)ψ + 1
2
B2 +B(∂µAµ)− i ∂µC¯∂µC, (10)
which is invariant under the following (anti-)BRST symmetry transformations:
sbAµ = ∂µC, sbC = 0, sbC¯ = iB, sbB = 0,
sbψ = −iCψ, sbψ¯ = −iψ¯C,
sabAµ = ∂µC¯, sabC¯ = 0, sabC = −iB, sabB = 0,
sabψ = −iC¯ψ, sabψ¯ = −iψ¯C¯.
(11)
2.2 Superunitary operator formalism
The symmetry transformations (11) can be obtained using a number of methods, viz.
the usual constraint analysis method [20], the augmented superfield formalism, etc.
[1, 2, 14]. The superfield formalism relies on the extension of the ordinary spacetime
to a superspace which has a space of Grassmann-odd coordinates, θ and θ¯ (satisfying
θ2 = θ¯2 = 0, θθ¯+ θ¯θ = 0), attached to each and every point of ordinary spapcetime. Any
field or operator in ordinary spacetime gets upgraded to its superspace-counterpart. A
general expansion of the spinor fields is written as
ψ(x)→ Ψ(x, θ, θ¯) = ψ(x) + θ p¯(x) + θ¯ p(x) + θθ¯ q(x), (12)
ψ¯(x)→ Ψ(x, θ, θ¯) = ψ¯(x) + θ r¯(x) + θ¯ r(x) + θθ¯ t(x), (13)
4
where the auxiliary fields p, p¯, r and r¯ have Grassmann-even character while the auxiliary
fields q and t are of the Grassmann-odd character. The 1-form gauge field A is extended
as
A(x)→ A˜(x, θ, θ¯) = dxµEµ(x, θ, θ¯) + dθ F¯ (x, θ, θ¯) + dθ¯ F (x, θ, θ¯)
= E(x, θ, θ¯) + dθ F¯ (x, θ, θ¯) + dθ¯ F (x, θ, θ¯), (14)
where the superfields E, F and F¯ can be further decomposed as
E(x, θ, θ¯) = A(x) + θ R¯(x) + θ¯ R(x) + θθ¯ H(x),
F (x, θ, θ¯) = C(x) + θ K¯(x) + θ¯ K(x) + θθ¯ S(x),
F¯ (x, θ, θ¯) = C¯(x) + θ L¯(x) + θ¯ L(x) + θθ¯ T (x).
(15)
Obviously, the auxiliary fields R, R¯, S and T have Grassmann-odd character while the
fields H , K, K¯, L and L¯ have Grassmann-even character.
Now we shall adopt a more intuitive approach, the superunitary operator formalism
[9, 10, 11, 18, 19]. The philosophy of this approach is that a superunitry operator
upgrades the fields and gauge connections on ordinary spacetime to their counterparts
on the superspace in the same fashion as the unitary operator upgrades the fields and
gauge connection to their gauge-transformed counterparts on the ordinary spacetime.
Thus, the gauge transformations (8) dictate the upgradation of ψ, ψ¯ and A as
ψ(x)→ Ψ(x, θ, θ¯) = U˜(x, θ, θ¯)ψ(x), ψ¯(x)→ Ψ(x, θ, θ¯) = ψ¯(x) U˜ †(x, θ, θ¯),
A(x)→ A˜(x, θ, θ¯) = U˜(x, θ, θ¯)A(x) U˜ †(x, θ, θ¯) + φ˜(x, θ, θ¯), (16)
where φ˜(x, θ, θ¯) = id˜U˜(x, θ, θ¯) U˜ †(x, θ, θ¯) and d˜ = dxµ∂µ + dθ∂θ + dθ¯∂θ¯ is the extension
of the ordinary exterior derivative d = dxµ∂µ. The superunitary operator U˜ will now
be obtained using the horizontality condition and the gauge invariant restrictions.
First we exploit the honizontality condition3
d˜A˜ = dA. (17)
In view of the relations,
dθ ∧ dθ¯ = dθ¯ ∧ dθ, dθ ∧ dθ 6= 0, dθ¯ ∧ dθ¯ 6= 0,
{dθ, ∂θ} = 0, {dθ¯, ∂θ¯} = 0, {dθ, ∂θ¯} = 0, {dθ¯, ∂θ} = 0,
dxµ ∧ dθ = −dθ ∧ dxµ, dθ¯ ∧ dxµ = −dxµ ∧ dθ¯, dxµ ∧ dxν = −dxν ∧ dxµ,
(18)
the honizontality condition (17) reduces to
dA = dE + dθ ∧ (∂θE − dF¯ ) + dθ¯ ∧ (∂θ¯E − dF )
− (dθ ∧ dθ) ∂θF¯ − (dθ¯ ∧ dθ¯) ∂θ¯F − (dθ ∧ dθ¯) (∂θF + ∂θ¯F¯ ). (19)
3The horizontality condition relies on the fact that a physical field is independent of the Grassmann
variables, i.e. θ and θ¯. Such a physical field, F for example, transforms as F → F˜ = U˜FU˜ †. For the
Abelian case, F˜ = U˜FU˜ † = F ⇒ d˜A˜ = dA.
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Comparing the coefficients of various differentials on both the sides, we get
dE = dA, ∂θE = dF¯ , ∂θ¯E = dF,
∂θF¯ = 0, ∂θ¯F = 0, ∂θF + ∂θ¯F¯ = 0,
(20)
which, using (15) yields L¯ = 0, T = 0, K = 0, S = 0, K¯ = −L, R = dC, R¯ = dC¯,
H = dL. Thus equation (15) reduces to
E(x, θ, θ¯) = A(x) + θ dC¯(x) + θ¯ dC(x) + θθ¯ dL(x),
F (x, θ, θ¯) = C(x)− θL(x),
F¯ (x, θ, θ¯) = C¯(x) + θ¯L(x).
(21)
From the relations (15), or (21), we notice the following correspondence between the
fields on ordinary spacetime and their superspace-counterparts: A(x) → E(x, θ, θ¯),
C(x)→ F (x, θ, θ¯), C¯(x)→ F¯ (x, θ, θ¯). Since BA+iC¯dC is a gauge-invariant quantity, as
can be easily verified using (11), we now exploit the following gauge invariant restriction:4
B(x)E(x, θ, θ¯) + i F¯ (x, θ, θ¯) dF (x, θ, θ¯) = B(x)A(x) + i C¯(x) dC(x), (22)
which fixes L = iB. Therefore, the relations (21) reduce to
E(x, θ, θ¯) = A(x) + θ dC¯(x) + θ¯ dC(x) + iθθ¯ dB(x),
F (x, θ, θ¯) = C(x)− iθB(x),
F¯ (x, θ, θ¯) = C¯(x) + iθ¯B(x),
(23)
which are the final expressions for the superfields E, F and F¯ , in terms of the basic
known fields.
As mentioned earlier in (16), the spinor field upgrades to its superspace-counterpart
as ψ(x)→ Ψ(x, θ, θ¯) = U˜(x, θ, θ¯)ψ(x). The covariant derivative Dψ = (d+ iA)ψ should
also, therefore, transforms in the same fashion,
Dψ(x)→ D˜Ψ(x, θ, θ¯) = U˜(x, θ, θ¯)Dψ(x), (24)
where
D˜ = d˜ + iA˜ = d + dθ∂θ + dθ¯∂θ¯ + iA˜. (25)
Using (25) and (12), we now evaluate D˜Ψ, which in view of (14) and (23) gives
D˜Ψ(x, θ, θ¯) = (d + iA+ iθdC¯ + iθ¯dC − θθ¯dB)ψ
+ (d + iA)θp¯+ (d + iA)θ¯p+ (d + iA)θθ¯q
+ dθ [p¯+ iC¯ψ + θ(−iC¯p¯) + θ¯(q − iC¯p− Bψ) + θθ¯(iC¯q +Bp¯)]
+ dθ¯ [p+ iCψ + θ¯(iCp) + θ(−q − iCp¯+Bψ) + θθ¯(iCq +Bp)]. (26)
4A gauge-invariant restriction is the expression which retains the same form while upgrading from
ordinary spacetime to superspace.
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In view of (24), we now equate the right-hand side of (26) to U˜Dψ = U˜(d+ iA)ψ, which
gives
U˜(d + iA)ψ = (d + iA+ iθdC¯ + iθ¯dC − θθ¯dB)ψ
+ (d + iA)θp¯+ (d + iA)θ¯p+ (d + iA)θθ¯q, (27)
(p¯+ iC¯ψ) + θ(−iC¯p¯) + θ¯(q − iC¯p− Bψ) + θθ¯(iC¯q +Bp¯) = 0, (28)
(p+ iCψ) + θ¯(iCp) + θ(−q − iCp¯+Bψ) + θθ¯(iCq +Bp) = 0. (29)
Setting the terms inside the parentheses on the left-hand sides of (28) and (29) indi-
vidually to zero, fixes p = −iCψ, p¯ = −iC¯ψ, q = (B − CC¯)ψ, which reduces (12) to
Ψ(x, θ, θ¯) =
[
1− iθC¯ − iθ¯C + θθ¯(B + C¯C)]ψ(x), (30)
and (27) to
U˜Dψ =
[
1− iθC¯ − iθ¯C + θθ¯(B + C¯C)]Dψ(x), (31)
We can therefore identify the superunitary operator U˜(x, θ, θ¯) as
U˜(x, θ, θ¯) = 1− iθC¯ − iθ¯C + θθ¯(B + C¯C)
= exp[−i(θC¯ + θ¯C + iθθ¯B)]. (32)
Using (13) and (30) and exploiting the gauge-invariant restriction
Ψ(x, θ, θ¯)Ψ(x, θ, θ¯) = ψ¯(x)ψ(x), (33)
we get r = −iψ¯C, r¯ = −iψ¯C¯, t = −ψ¯(B + CC¯), which reduces (13) to
Ψ(x, θ, θ¯) = ψ¯
[
1 + iθC¯ + iθ¯C − θθ¯(B − C¯C)] . (34)
Comparing the above equation with Ψ(x, θ, θ¯) = ψ¯(x) U˜ †(x, θ, θ¯) then gives
U˜ †(x, θ, θ¯) = 1 + iθC¯ + iθ¯C − θθ¯(B − C¯C)
= exp[i(θC¯ + θ¯C + iθθ¯B)]. (35)
As expected, the superunitary operator U˜ satisfies the unitarity condition, U˜ U˜ † = 1 =
U˜ † U˜ . Finally, comparing equations (23), (30) and (34) with the generic expansion of a
superfield G(x, θ, θ¯) in terms of its ordinary counterpart G(x),
G(x, θ, θ¯) = G(x) + θ (sabG)(x) + θ¯ (sbG)(x) + θθ¯ (sb sabG)(x), (36)
and keeping in mind the correspondence A(x)→ E(x, θ, θ¯), C(x)→ F (x, θ, θ¯), C¯(x)→
F¯ (x, θ, θ¯), ψ(x)→ Ψ(x, θ, θ¯), ψ¯(x)→ Ψ(x, θ, θ¯), the following (anti-)BRST transforma-
tions follow:
sbA = dC, sbC = 0, sbC¯ = iB, sbψ = −iCψ, sbψ¯ = −iψ¯C,
sabA = dC¯, sabC¯ = 0, sabC = −iB, sabψ = −iC¯ψ, sabψ¯ = −iψ¯C¯.
(37)
Also, since s2b = 0 we see that sb(sbC¯) = sb(iB) = 0, which implies sbB = 0. Similarly
it follows that sabB = 0. This completes the obtention of (anti-)BRST transformations
(11) using the superunitary operator formalism.
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2.3 Non-Abelian 1-form gauge theories
The complete gauge invariant Lagrangian density for the 1-form non-Abelian gauge field
can be written as5
L4 = ψ¯(iγµDµ −m)ψ − 1
4
Fµν · Fµν + 1
2
(B · B + B¯ · B¯)
+B · (∂µAµ)− i ∂µC¯ ·DµC, (38)
where Fµν = ∂µAν − ∂νAµ + i[Aµ,Aν] = ∂µAν − ∂νAµ − Aµ × Aν and the covariant
derivatives are defined as Dµψ = ∂µψ+iAµψ, DµC = ∂µC+i [Aµ, C] = ∂µC−Aµ×C. A
coupled but equivalent Lagrangian density can be obtained from the above Lagrangian
density by using the celebrated Curci-Ferrari condition, B + B¯ + i(C¯ × C) = 0, as6
L5 = ψ¯(iγµDµ −m)ψ − 1
4
Fµν · Fµν + 1
2
(B · B + B¯ · B¯)
− B¯ · (∂µAµ)− iDµC¯ · ∂µC. (39)
It can be shown that the action corresponding to the above Lagrangian densities remains
invariant under the following (anti-)BRST transformations:
sbAµ = DµC, sbC = −iCC, sbC¯ = iB, sbB = 0, sbB¯ = i[B¯, C],
sbψ = −iCψ, sbψ¯ = −iψ¯C,
sabAµ = DµC¯, sabC¯ = −iC¯C¯, sabC = iB¯, sabB¯ = 0, sabB = i[B, C¯]
sabψ = −iC¯ψ, sabψ¯ = −iψ¯C¯.
(40)
Now we shall demonstrate how these (anti-)BRST transformations can be obtained
using the superunitary operator formalism. Instead of redoing all the steps of the Abelian
case now for the non-Abelian case, it is more convenient to focus on the form of the
superunitary operator first. We generalise Eqs. (32) and (35) to
U˜(x, θ, θ¯) = 1− i (θC¯ + θ¯C) + θθ¯ (f(C¯C) +B)),
U˜ †(x, θ, θ¯) = 1 + i (θC¯ + θ¯C)− θθ¯ (f †(C¯C) +B)), (41)
where f and f † are some combinations of CC¯ and C¯C. Now demanding the unitarity
condition, we obtain f = C¯C and f † = CC¯. With this, the final form of superunitary
operators turns out to be
U˜(x, θ, θ¯) = 1− i (θC¯ + θ¯C) + θθ¯ (C¯C +B),
U˜ †(x, θ, θ¯) = 1 + i (θC¯ + θ¯C)− θθ¯ (CC¯ +B). (42)
5The SU(N) generators T a (with a = 1, 2, ..., N2 − 1) satisfy the commutation relation [T a, T b] =
i fabc T c, where summation over the repeated index is implied and the structure constants fabc are
chosen to be totally antisymmetric in indices. The dot and cross products between two vectors P =
P aT a and Q = QaT a are defined as P ·Q = P aQa, P ×Q = (fabcP bQc)T a = −i[P,Q].
6Owing to the Grassmann nature or C and C¯, the following relations hold: C¯ × C = C × C¯ =
−i{C, C¯}, C × C = −2iCC, C · C¯ = −C¯ · C. It is also perhaps worthwhile to mention here that in
the Abelian case C¯ × C = 0, in which case the Curci-Ferrari condition reduces to B = −B¯. Then the
Lagrangian densities (38) and (39) reduce to that of the Abelian case, Eq. (10).
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As done earlier for the Abelian case in Eq. (16), the fields ψ, ψ¯ and A are now upgraded
to their superspace counterparts with help of the superunitary operator as
Ψ(x, θ, θ¯) = U˜(x, θ, θ¯)ψ(x), Ψ(x, θ, θ¯) = ψ¯(x) U˜ †(x, θ, θ¯),
A˜(x, θ, θ¯) = U˜(x, θ, θ¯)A(x) U˜ †(x, θ, θ¯) + φ˜(x, θ, θ¯). (43)
Thus using the form (42) in (43) we find
Ψ(x, θ, θ¯) =
[
1− iθC¯ − iθ¯C + θθ¯(B − CC¯)]ψ(x), (44)
Ψ(x, θ, θ¯) = ψ¯(x)
[
1 + iθC¯ + iθ¯C − θθ¯(B + CC¯)] , (45)
A˜(x, θ, θ¯) = A− θ (A× C¯)− θ¯ (A× C)− iθθ¯ (A×B + i (A× C)× C¯)
+
(
θ dC¯ + θ¯ dC + iθθ¯ (dB + {dC, C¯}))
+ dθ
(
C¯ − iθ C¯C¯ + iθ¯ B + θθ¯ [B, C¯])
+ dθ¯
(
C − iθ (B + {C, C¯})− iθ¯ CC + θθ¯ ([B,C] + [CC, C¯])) . (46)
In view of (14), we compare Eq. (46) with A˜(x, θ, θ¯) = E(x, θ, θ¯) + dθ F¯ (x, θ, θ¯) +
dθ¯ F (x, θ, θ¯), which yields
E = A+ θ (DC¯) + θ¯ (DC) + iθθ¯ (DB + i C¯ ×DC) , (47)
F = C + iθ B¯ +
1
2
θ¯ (C × C)− iθθ¯ (B¯ × C), (48)
F¯ = C¯ +
1
2
θ
(
C¯ × C¯)+ iθ¯ B + i θθ¯ (B × C¯), (49)
where we have also made use of the Curci-Ferrari condition, B + B¯ + i (C¯ × C) = 0.
Now the comparison of Eqs. (44), (45), (47)–(49) with (36) yields the (anti-)BRST
transformations (40).
3 BRST transformations for non-Abelian 2-form gauge
field
A string is a 1-dimensional object which when moves in the background spacetime,
traces out a 2-dimensional surface in spacetime. The action for an interacting string, in
the background of a Kalb-Raymond 2-form gauge field B = 1
2
(dxµ ∧ dxν) Bµν , can be
written as [21]
S = Sf −
∮
B − 1
2
∫ √−g d4x H ∧ ∗H
= Sf − 1
2!
∮
dτdσ Bµν(X(τ, σ)) dX
[µ
dτ
dXν]
dσ
− 1
2 (3!)
∫ √−g d4x HµνλHµνλ, (50)
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where Sf is the free string action and H = dB = 13!(dxµ ∧ dxν ∧ dxλ)Hµνλ, with
Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν , is the curvature 3-form corresponding to the B-field,
while M [µNν] is a shorthand notation for MµNν − NνMµ. In light of this, the Kalb-
Raymond Lagrangian density, for the non-Abelian case, can be written as
L6 = 1
12
Hµνλ · Hµνλ (51)
This is one way of introducing a 2-form in a theory. Another way is to introduce a
2-form field interacting with Dirac spinors. This 2-form must involve the derivative of
the 1-form gauge field i.e. dA. Let us call this new field ℧. Then we can construct a
Lagrangian density of the form
L7 = −1
4
Fµν · Fµν + ψ¯(i γµDµ −m)ψ + iψ¯Σµν℧µν ψ
+
1
2
(B · B + B¯ · B¯) +B · ∂µAµ − i ∂µC¯ ·DµC, (52)
where Σµν = 1
2
{γµ, γν} is the spin-connection. Exploiting the Curci-Ferrari condition,
B + B¯ + i (C¯ × C) = 0, a coupled but equivalent Lagrangian density can be written as
L8 = −1
4
Fµν · Fµν + ψ¯(i γµDµ −m)ψ + iψ¯Σµν℧µν ψ
+
1
2
(B · B + B¯ · B¯)− B¯ · ∂µAµ − iDµC¯ · ∂µC. (53)
Except the term involving ℧, the other terms in the Lagrangian densities (52) and (53)
are invariant under the usual SU(N) gauge symmetry transformations:
ψ(x)→ ψ′(x) = U(x)ψ(x), ψ¯(x)→ ψ¯′(x) = ψ¯(x)U †(x),
A → A′ = UAU † + φ, F ′ = UFU †, φ = i dU U †. (54)
The 2-form ℧ here is interacting with the Dirac spinors and at this stage there is no
reason to ignore its interaction with the 1-form gauge connection A. As is obvious, for
the interaction term, and hence the Lagrangian densities (52) and (53), to be gauge
invariant, ℧ψ must transform as (℧ψ)′ = U (℧ψ). The suitable combination of 2-
form and 1-form connections, ℧ = B − i dA, meets this requirement leading to the
transformation of the B-field found in literature [22, 23, 24], as we demonstrate now.
We see that
(℧ψ)′ = (B′ − i dA′)ψ′ = [B′U − i d(UAU † + φ)U ]ψ, (55)
where we have made use of (54) in the second step. Equating this with
U (℧ψ) = U (B − i dA)ψ = [UB − i U dA]ψ, (56)
we get B′U − i d(UAU †+φ)U = UB− i U dA which yields the gauge transformation of
the B-field:
B′ = UBU † + φ ∧ UAU † + UAU † ∧ φ+ φ ∧ φ, (57)
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where we have used dφ+ i φ∧ φ = 0, which follows from the unitarity condition UU † =
U †U = 1.
Now we include the kinetic term for the 2-form fields and also the interaction between
the 1-form and the 2-form in the Lagrangian density:
L9 = 1
12
Wµνλ · Wµνλ − 1
4
Fµν · Fµν + ψ¯(i γµDµ + iΣµν℧µν −m)ψ
+
1
2
(B · B + B¯ · B¯) +B · ∂µAµ − i ∂µC¯ ·DµC, (58)
where
W = dB + i (dF +A ∧ B − B ∧ A) (59)
is the usual field strength 3-form, which in component form reads
Wµνλ = ∂µBνλ + iAµ × ∂[νAλ] −Aµ × Bνλ + cyclic terms
= ∂µBνλ + i (Bµν − i ∂[µAν])×Aλ + cyclic terms
= ∂µBνλ + i℧µν ×Aλ + cyclic terms. (60)
A coupled but equivalent Lagrangian density can be written, using the Curci-Ferrari
condition, as
L10 = 1
12
Wµνλ · Wµνλ − 1
4
Fµν · Fµν + ψ¯(i γµDµ + iΣµν℧µν −m)ψ
+
1
2
(B · B + B¯ · B¯)− B¯ · ∂µAµ − iDµC¯ · ∂µC. (61)
The transformation of the 3-form W follows from the definition (59) and Eqs. (54) and
(57). We provide some intermediate steps here.
dB′ = d (UBU † + φ ∧ UAU † + UAU † ∧ φ+ φ ∧ φ)
= dU ∧ BU † + U dBU † + U B ∧ dU † − i dU ∧ dU † ∧ UAU †
+ i U dU † ∧ dU ∧AU † − i dU ∧ dAU † − i UdA ∧ dU †
− i UA ∧ dU † ∧ dU U † + i UAU † ∧ dU ∧ dU †, (62)
i dF ′ = i d(UFU †) = i d (U(dA+ iA ∧A)U †)
= i dU ∧ dAU † + i U dA ∧ dU † − dU ∧A ∧ AU †
− U dA ∧AU † + U A∧ dAU † − U A ∧A ∧ dU †, (63)
A′ ∧ B′ = (UAU † + φ) ∧ (UBU † + φ ∧ UAU † + UAU † ∧ φ+ φ ∧ φ)
= U A∧ BU † + UAU † ∧ φ ∧ UAU † + U A ∧AU † ∧ φ
+ UAU † ∧ φ ∧ φ+ φ ∧ UBU † + φ ∧ φ ∧ UAU †
+ φ ∧ UAU † ∧ φ+ φ ∧ φ ∧ φ, (64)
B′ ∧A′ = (UBU † + φ ∧ UAU † + UAU † ∧ φ+ φ ∧ φ) ∧ (UAU † + φ)
= U B ∧ AU † + UBU † ∧ φ+ φ ∧ UA ∧AU †
+ φ ∧ UAU † ∧ φ+ UAU † ∧ φ ∧ UAU †
+ UAU † ∧ φ ∧ φ+ φ ∧ φ ∧ UAU † + φ ∧ φ ∧ φ. (65)
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From (64) and (65) it follows that
i (A′ ∧ B′ − B′ ∧ A′) = i U(A ∧A− B ∧A)U † + dU ∧A ∧AU †
− UB ∧ dU †, (66)
which along with (62) and (63) finally gives the transformation of the 2-form W:
W ′ = dB′ + i (dF ′ +A′ ∧ B′ − B′ ∧A′)
= U [dB + i (dF +A∧ B − B ∧A)]U †
= UW U †. (67)
Thus the Lagrangian densities (58) and (61) respect the SU(N) gauge symmetries (54),
(57) and (67).
In order to obtain the (anti-)BRST symmetry transformations for the B-field, we
again apply the superunitary operator approach:
B˜ = U˜BU˜ † + φ˜ ∧ U˜AU˜ † + U˜AU˜ † ∧ φ˜+ φ˜ ∧ φ˜, φ˜ = i d˜U˜ U˜ † = −i U˜ d˜U˜ †. (68)
Being a 2-form, B˜ can be written as
B˜(x, θ, θ¯) = (dxµ ∧ dxν)Mµν(x, θ, θ¯) + · · ·
=M(x, θ, θ¯) + · · · , (69)
where, on the right-hand side, we have written only the term which is relevant for our
purpose.7 It is easy to see that if we use (69) on the left-hand side of (68), then we get
M = U˜BU˜ † + φ′ ∧ U˜AU˜ † + U˜AU˜ † ∧ φ′ + φ′ ∧ φ′, (70)
where φ′ = i dU˜ U˜ † = −i U˜ dU˜ †. With the help of (42), we now compute the right-hand
side of (70). We find
U˜BU˜ † = B + i θ [B, C¯] + i θ¯ [B, C] + θθ¯ ([B,B] + {[C,B], C¯}) , (71)
φ′ = θdC¯ + θ¯dC + iθθ¯(dB + C¯dC + dCC¯), (72)
φ′ ∧ U˜AU˜ † = θ (dC¯ ∧ A) + θ¯ (dC ∧A)
+ i θθ¯
(
dB ∧ A+ {dC ∧A, C¯}+ dC¯ ∧ [C,A]) , (73)
U˜AU˜ † ∧ φ′ = θ (A ∧ dC¯) + θ¯ (A ∧ dC)
+ i θθ¯
(A ∧ dB + {A ∧ dC, C¯}+ [A, C] ∧ dC¯) , (74)
φ′ ∧ φ′ = θθ¯ (dC ∧ dC¯ − dC¯ ∧ dC). (75)
We thus find the final relation between M and B:
M = B + θ (dC¯ ∧A+A ∧ dC¯ + i [B, C¯])+ θ¯ (dC ∧A+A ∧ dC + i [B, C])
+ θθ¯
(
[B,B] + {([C,B] + i dC ∧A+ iA∧ dC) , C¯}
+ iA∧ dB + i dB ∧A+DC ∧ dC¯ − dC¯ ∧DC). (76)
7Other terms hidden inside “· · · ” are those which involve dxµ ∧ dθ, dxµ ∧ dθ¯, dθ ∧ dθ, dθ¯ ∧ dθ¯ or
dθ ∧ dθ¯.
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Comparison of this equation with the standard expansion
M = B + θ (sabB) + θ¯ (sbB) + θθ¯ (sb sabB) (77)
yields the following (anti-)BRST transformations of the B-field:
sb B = dC ∧A+A ∧ dC + i [B, C], (78)
sab B = dC¯ ∧ A+A∧ dC¯ + i [B, C¯], (79)
sbsab B = [B,B] + {([C,B] + i dC ∧ A+ iA ∧ dC) , C¯}
+ iA∧ dB + i dB ∧A+DC ∧ dC¯ − dC¯ ∧DC. (80)
As a consistency check, we now use (78), (79) and (40) to compute sb sabB. Equation
(80) is then reproduced.
In analogy with the 1-form gauge theories, we can now introduce a new 2-form
covariant derivative ℧B. For any vector in Lie space, P = P
aT a, this is given as
℧BP = i [B, P ] + dP ∧ A+A∧ dP, (81)
while for spinor ψ, which is a scalar in Lie space, this would be
℧Bψ = iBψ +A ∧ dψ. (82)
Then (78), (79) and (80) can be rewritten as
sb B = ℧BC, (83)
sab B = ℧BC¯, (84)
sbsab B = i℧BB + i{C¯,℧BC}+DC ∧ dC¯ − dC¯ ∧DC. (85)
Before we conclude, we propose a conjecture for the gauge transformation of any
p-form in a theory involving the 1-form and p-form gauge fields:
K ′ = UKU † + χ ∧ φ ∧ φ ∧ φ ∧ . . . ∧ φ+ φ ∧ χ ∧ φ ∧ φ ∧ . . . ∧ φ+ . . .
+ φ ∧ φ ∧ φ ∧ . . . ∧ φ ∧ χ+ φ ∧ φ ∧ φ ∧ . . . ∧ φ, (86)
where χ = UAU † and φ = i dU U †. For 1-form this gives
A′ = χ+ φ, (87)
while for the 2-form,
B′ = UBU † + χ ∧ φ+ φ ∧ χ+ φ ∧ φ. (88)
Similarly, the transformation of 3-form follows:
W ′ = UWU † + χ ∧ φ ∧ φ+ φ ∧ χ ∧ φ+ φ ∧ φ ∧ χ+ φ ∧ φ ∧ φ. (89)
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4 Results and discussion
In this article, we started with a review of the superunitary operator formalism to
obtain the (anti-)BRST transformations for 1-form gauge theories. We discussed the
geometrical origin of the gauge fields as an interaction of the charged particle with the
background spacetime. This approach is very useful as we can see how automatically
the electromagnetic field comes in picture as a geometric phenomenon. This idea can
be generalised to get the higher-form gauge fields too.
Exploiting the celebrated horizontality condition and the gauge-invariant restric-
tions, we computed explicitly the superunitary operator and obtained the (anti-)BRST
transformations for the gauge field, the matter field and the (anti-)ghost field. We
explored both the Abelian as well as the non-Abelian cases in our endeavour. As ex-
pected, the superunitary operator for the non-Abelian case, could be reduced to that in
the Abelian case by using the Curci-Ferrari condition.
We introduced a new Lagrangian with a coupling of matter fields not only with 1-
from background field but also with a 2-form field. To restore the gauge symmetry in
the theory it was necessary to introduce a new covariant derivative involving a 2-form
gauge field B. The two gauge fields further couple mutually. The transformation of
B followed naturally from the definition of the 2-form covariant derivative. The same
unitary operator, which yielded the transformations for the 1-form gauge and matter
fields, was used to obtain the transformations for the 2-form gauge field as well.
Generalising the idea of the unitary operator for any object—point or extended—in
arbitrary background, we proposed a conjecture for the transformation of the associated
p-form gauge field interacting with the Dirac spinors. This idea is very important as it
equally works well for any supersymmetric gauge theory.
Acknowledgements
Part of this work was done at the Department of Physics and the Centre of Theoreti-
cal Physics, Jamia Millia Islamia, New Delhi. D.S. gratefully acknowledges help from
stimulating discussions with Pankaj Sharan. He is also thankful to K.N. Pathak and
M.M. Gupta at Department of Physics, Panjab University, for providing facilities which
helped to complete this work.
References
[1] C. Teitelboim, Phys. Lett. B 167 (1986) 83.
[2] M. Henneaux, C. Teitelboim, Found. Phys. 16 (1986) 593.
[3] K. Seo, M. Okawa, A. Sugamoto, Phys. Rev. D 19 (1979) 3744.
[4] D.Z. Freedman, P.K. Townsend, Nucl. Phys. B 177 (1981) 282.
14
[5] H. Chan, J. Faridani, S.T. Tsou, Phys. Rev. D 52 (1995) 6134.
[6] H. Chan, J. Faridani, S.T. Tsou, Phys. Rev. D 53 (1996) 7293.
[7] L. Smolin, Phys. Rev. D 61 (2000) 084007.
[8] J.F. Barbero G., E.J.S. Villasenor, Phys. Rev. D 63 (2001) 084021.
[9] L. Bonora, M. Tonin, Phys. Lett. B 98 (1981) 48.
[10] L. Bonora, P. Pasti, M. Tonin, Nuov. Cim. A 64 (1981) 307.
[11] L. Bonora, P. Pasti, M. Tonin, Ann. Phys. 144 (1982) 15.
[12] R. Delbourgo, P.D. Jarvis, J. Phys. A: Math. Gen. 15 (1981) 611.
[13] R. Delbourgo, P.D. Jarvis, G. Thompson, Phys. Lett. B 109 (1982) 25.
[14] R.P. Malik, Eur. Phys. J. C 47 (2006) 227.
[15] R.P. Malik, Eur. Phys. J. C 48 (2006) 825.
[16] R.P. Malik, J. Phys. A 45 (2006) 513.
[17] R.P. Malik, Eur. Phys. J. C 60 (2009) 457.
[18] D. Shukla, T. Bhanja, R.P. Malik, Europhys. Lett. 112 (2015) 11001.
[19] T. Bhanja, D. Shukla, R.P. Malik, Adv. High Energy Phys. 2016 (2016) 6367545.
[20] K. Sundermeyer, Constrained Dynamics (Springer-Verlag Berlin Heidelberg, 1982).
[21] Barton Zwiebach, A First Course in String Theory, Chap. 16 (Cambridge University
Press, 2009).
[22] A. Lahiri, Mod. Phys. Lett. A 17 (2002) 1643.
[23] A. Lahiri, J. Phys. A 35 (2002) 8779.
[24] A. Lahiri, Phys. Rev. D 55 (1997) 5045.
15
